Abstract. In [Fan15] , Fang introduced the group GV Bn as a simultaneous generalization of the classical braid group, as well as the virtual braid group, on n strands. We investigate the commutator subgroups GV B ′ n of GV Bn. We prove that GV B ′ n is finitely generated if and only if n ≥ 4. It is also proved that GV B ′ n is perfect if and only if n ≥ 5.
Introduction
The braid group on n strands B n , classically known as Artin's braid group, is a central object of investigation due to their importance in several branches of mathematics, e.g. surveys [Par09, BB05] . There have been several generalizations of braid groups in the literature that appeared in different contexts. Many of these generalized braid groups are of importance in their own rights, e.g. [Bel04] , [BG12] , [Dam17] , [Ver06] , [Ver14] . The virtual braid group V B n on n strands is a certain extension of the classical braid group B n . It was introduced by L. Kauffman [Kau99] ; also see [KL04] .
The commutator subgroup or derived subgroup of a group G is the subgroup G ′ generated by the elements of the form x −1 y −1 xy. A quotient group G/N is abelian if and only if G ′ ≤ N . Thus the group G ′ distinguishes the abelian factor groups of G from non-abelian ones. The quotient G/G ′ is isomorphic to H 1 (G, Z), the first homology group of G with integral coefficients. The commutator subgroup G ′ is also the smallest normal subgroup that is invariant under every automorphism of G. So, given a group G, the structure of it's commutator subgroup G ′ is a crucial information.
The commutator subgroup B ′ n of the braid group is well-known due to the work of Gorin and Lin [GL69] who obtained a finite presentation for B ′ n . Simpler presentation for B ′ n was obtained by Savushkina [Sav93] . Several authors have investigated commutators of larger class of spherical Artin groups, e.g. [Zin75] , [MR] , [Ore12] . Recently commutator subgroups of the virtual braid groups and their welded quotients have been investigated in [BGN18] and [DG18] respectively; also see [Zar18] .
In [Fan15] , Fang constructed a generalization of the virtual braid group on n strands, denoted by GV B n . Fang's generalized virtual braid groups simultaneously enlarge the notion of classical braid groups, as well the virtual braid groups. Fang constructed this generalization as a group of symmetries behind quantum quasi-shuffle structures. In this paper we have investigated commutator subgroups of Fang's generalized virtual braid groups GV B n . We prove the following: Theorem 1.1. Let GV B ′ n denote the commutator subgroup of the generalized virtual braid group GV B n .
(i) GV B ′ n is finitely generated for all n ≥ 4. Further, for n ≥ 5, the rank of GV B ′ n is at most 3n − 7.
(ii) GV B ′ 3 is not finitely generated.
n is perfect if and only if n ≥ 5.
Structure of the paper. We shall prove the above theorem by dividing it over different sections of this paper. In Section 2 we recall the presentation for the group GV B n . In Section 3, we obtain a general presentation for GV B ′ n by the Reidemeister-Schreier method. This presentation has countably infinitely many generators indexed by Z × Z. In the following sections we exploit this presentation to complete the proof of the above theorem. In Section 4, we prove Lemma 4.1 that states that GV B ′ 3 is infinitely generated. In Section 5 and Section 6 we prove Lemma 5.1 and Lemma 6.1: finite generations of GV B ′ 4 and, GV B ′ n , n ≥ 5 repspectively. In Section 7, it is proved that GV B ′ n is perfect if and only if n ≥ 5. Now, Theorem 1.1 follows by combining Lemma 4.1, Lemma 5.1, Lemma 6.1, Lemma 7.1 and Lemma 7.2.
The Generalized Virtual Braid Group GV B n
The group GV B n defined by Fang in [Fan15] , is generated by a set of 2(n − 1) generators:
. . , n − 1 } satisfying the following set of defining relations:
(1) The braid relations among σ i :
The braid relations among ρ i :
2.1. Relationship of GV B n with V B n and B n . Let S n , B n and V B n denote the symmetric group on n letters, Artin's braid group on n strands, and virtual braid group on n strands, respectively. Recall the following.
2.1.1. Presentation for S n . The symmetric group S n is generated by a set of (n − 1) generators:
. . , n − 1 }, satisfying the following set of defining relations:
2.1.2. Presentation for B n . The Artin's braid group B n is generated by a set of (n − 1) generators: { σ i | i = 1, 2, . . . , n − 1 }, satisfying the following set of defining relations:
2.1.3. Presentation for V B n . The virtual braid group V B n is generated by a set of 2(n − 1) generators: { σ i , ρ i | i = 1, 2, . . . , n − 1 }, satisfying the following set of defining relations:
(1) The symmetric relations among σ i :
(2) The braid relations among ρ i :
The relationship between the groups S n , B n , V B n and GV B n is given by the following commutative diagram:
where α, β, γ, δ are quotient maps defined by normal subgroups generated by ρ i , σ 
where, for i = 1, . . . , n − 1, φ(σ i ) = σ 1 , φ(ρ i ) = ρ 1 ; here σ 1 and ρ 1 are the generators of the 2 copies of Z. Here, Image(φ) is isomorphic to the abelianization of GV B n , denoted as GV B ab n . To verify this, we abelianize the above presentation of GV B n by inserting the relations xy = yx in the presentation for all x, y ∈ { σ i , ρ i | 1 ≤ i ≤ n − 1 }. The resulting presentation is the following:
n . Hence, φ defines the above short exact sequence. Lemma 3.1. GV B ′ n is generated by the words α m,k,i = σ
Proof. Consider a Schreier set of coset representatives:
For a ∈ GV B n , we denote by a the unique element in Λ which belongs to the coset corresponding to φ(a) in the quotient GV B n /GV B ′ n .
By [MKS04, Theorem 2.7], the group GV B
′ n is generated by the set {S λ,a = (λa)(λa)
n is generated by the following elements:
3.2. Observation: We note here that, α m,0,1 = 1 for all m ∈ Z. Also observe that for i ≥ 3, α m,k,i = α 0,0,i and β m,k,i = β m,0,i , for any m, k ∈ Z. Hence we can replace all those α m,k,i and β m,k,i simply by α i and β m,i respectively for i ≥ 3. In this way we will get a set of generators for GV B ′ n with no generator occuring more than once. 3.3. Computing the defining relations: To obtain defining relations for GV B ′ n , we define a re-writing process τ as below. Refer [MKS04] for further details.
By [MKS04, Theorem 2.9], the group GV B ′ n is defined by the relations:
where r µ are the defining relators for GV B n .
Lemma 3.2. The generators of GV B
′ n satisfy the following set of defining relations:
Proof. In order to deduce a set of defining relations for GV B ′ n , we calculate the terms τ (λr µ λ −1 ) for each λ ∈ Λ and for each of the following defining relations r µ of GV B n :
Rewriting r 1 we get:
We have the following 3 possible cases: Case 1: i = 1, j ≥ 3; gives the relations: (3.3.1). Case 2: i = 2, j ≥ 4; gives the relations: (3.3.2). Case 3: i, j ≥ 3, |i − j| > 1; gives the relations: (3.3.3).
Rewriting r 2 we get:
We have the following 3 possible cases: Case 1: i = 1, j ≥ 3; gives no nontrivial relation. Case 2: i = 2, j ≥ 4; gives the relations: (3.3.4). Case 3: i, j ≥ 3, |i − j| > 1; gives the relations: (3.3.5).
Rewriting r 3 we get:
We have the following 5 possible cases: Case 1: i = 1, j ≥ 3; gives the relations: (3.3.6). Case 2: j = 1, i ≥ 3; gives no nontrivial relation.
Rewriting r 4 we get:
.
We have the following 3 possible cases: Case 1: i = 1; gives the relation: (3.3.10). Case 2: i = 2; gives the relation: (3.3.11). Case 3: i ≥ 3; gives the relation: (3.3.12).
Rewriting r 5 we get:
We have the following 3 possible cases: Case 1: i = 1; gives the relation: (3.3.13). Case 2: i = 2; gives the relation: (3.3.14). Case 3: i ≥ 3; gives the relation: (3.3.15).
Rewriting r 6 we get:
. We have the following 3 possible cases: Case 1: i = 1; gives the relation: (3.3.16). Case 2: i = 2; gives the relation: (3.3.17). Case 3: i ≥ 3; gives the relation: (3.3.18).
Rewriting r 7 we get:
We have the following 3 possible cases: Case 1: i = 1; gives the relation: (3.3.19). Case 2: i = 2; gives the relation: (3.3.20). Case 3: i ≥ 3; gives the relation: (3.3.21).
This completes the proof of the lemma. Now, we will apply Tietze transformations on the above presentation for GV B ′ n in order to obtain simpler presentations for GV B ′ n , for different n's, with the aim to prove Theorem 1.1 .
Infinite generation of GV B ′ 3
From Lemma 3.1 and Lemma 3.2 we have the following presentation for GV B We have the following lemma:
is not finitely generated. Proof. From (4.0.4) we have:
Replacing these values of β m,k,2 in the other relations and removing the generators β m,k,2 from the set of generators we obtain an equivalent presentation for GV B ′ 3 as follows:
Defining relations: For all m, k ∈ Z, (4.0.14)
Clearly, from (4.0.14) we can remove the generators α 1,k,1 and a free presentation for the group (GV B ′ 3 /W )/V as follows:
which gives us an onto homomorphism ψ • φ from the group GV B ′ 3 to the free group of infinite rank F ∞ . This proves that GV B ′ 3 is not finitely generated.
Finite Generation of GV B ′ 4
We have the following lemma:
4 is finitely generated. Proof. From Lemma 3.1 and Lemma 3.2 we have the following presentation for GV B Note that, using the above relation finitely many times, we can express α m,0,2 in terms of α 0,0,2 , α 1,0,2 , α 3 , β m,4 . And, we remove all α m,0,2 except α 0,0,2 and α 1,0,2 from the generating set. Now look at the relations (3.3.1) and (3.3.6). Note that both the relations are untouched after all the above substitutions. The relation (3.3.6) gives us:
Note here that, α m,0,1 = 1. So for all j ≥ 3, using the above relation finitely many times we deduce that,
Now, if we put the values of α m,1,1 obtained from above relation in (3.3.1) we have:
We remove all α m,k,1 from the set of generators by replacing the values of α m,k,1 as in (6.0.1) in all the relations.
And finally, for every j ≥ 3, using (6.0.2) we can express β m,j in terms of β 0,j , β 1,j , α j . So for each j ≥ 3, we can remove all β m,j with m = 0, 1 from the set of generators.
Hence, we can generate GV B ′ n , for all n ≥ 5, with the finite generating set:
Hence, the proof of the lemma is complete.
Perfectness of GV B ′ n
Lemma 7.1. GV B ′ n is perfect for n ≥ 5. Proof. We abelianize the presentation for GV B ′ n as in Lemma 3.2 by inserting the relations of the type x −1 y −1 xy = 1 for all x, y in the generating set, and obtain a presentation for (GV B ′ n ) ab . We will now show that (GV B ′ n ) ab ∼ = 1 .
In the abelianized presentation we observe the following:
(1) From (3.3.1) we get α m+1,k,1 = α m,k,1 for all m, k ∈ Z. This implies that α m,k,1 = α 0,k,1 for all m, k ∈ Z.
(6) From all the above observations we have: α 3 = α 0,0,2 = α 0,0,1 = 1 =⇒ α m,k,1 = α m,k,2 = α i = 1, for all m, k ∈ Z, 3 ≤ i ≤ n − 1. (7) From (3.3.19) and observation (6) we get: β m,k,2 = 1 for all m, k ∈ Z.
(8) From (3.3.20) and observations (6) and (7) we get: β m,3 = 1 for all m ∈ Z.
(9) From (3.3.21) we get: β m,i+1 = β m+2,i for all m ∈ Z. Putting i = 3 we get β m,4 = β m+2,3 = 1 for all m ∈ Z. Repeated use of this relation for increasing i's gives us: β m,i = 1 for all m ∈ Z, 3 ≤ i ≤ n − 1.
From the above observations we conclude that, in the presentation for (GV B 
